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Our purpose in the note is to obtain a characterization of the KB-spaces among 
the order continuous Banach lattices. The characterization is stated m terms of 
subinvariant elements of positive power bounded operators and two ergodic 
decompositions which we have defined in previous papers. (- 1990 Academic Press, Inc 
1. INTRODUCTION 
Our goal here is to obtain a characterization of the KB-spaces among the 
order continuous Banach lattices. The characterization is stated in terms of 
subinvariant elements of positive power bounded operators as well as two 
ergodic decompositions we have obtained in [S, 61, and it is proved using 
results obtained in [46]. 
Unless otherwise stated, we use the terminology of the books of 
Aliprantis and Burkinshaw [l], Luxemburg and Zaanen [2], Schaefer 
[ 33, as well as of our papers [4-61. 
2. PRELIMINARIES 
Let E be a Banach lattice, and let T: E--f E be a positive operator. Let 
E’ and E” be the dual and the bidual of E, respectively. Let T’: E’ + E’ 
and T”: E” + E” be the dual and the bidual of T, respectively. 
Set (see [5]) 
C,“=,(T”u,~~)=0or +coforeveryuEE. 
O~vdlul,and1’~E’,ybO; 
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Z,(T)= UCE 
1 
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u=Ooru#OandforeveryuEE, 
v#O,O~v<llu~,thereexistw~E,x~E’ 
such that 0 < w  < u, x 2 0, and such that 
o<c,“,(J (T”w,x)< +co 
(that is, Z,(T) and Z,(T) are the conservative and the dissipative ideal of 
E generated by T, respectively). 
Let u E E. Then U, thought of as an element of E” has a carrier which is 
denoted by Z(U) (in this paper we often think of the elements of E as being 
in E”, and we do so without stating it explicitly every time). 
As in [6], set: 
n(T)= ueE 
I 
and 
u=Ooru#Oandforevery 
v E E, v # 0,O < u 6 (~1 there exists 
x~Z(u)cE’,x~O,x#Osuchthatforevery 
y~E’,y#O,O<y<x,onehasthat 
liminf,(Pu, y)>O 
r u=Ooru#Oandforevery v~E,u#O,O~v~~u~ thereexists Q(T)= ue:E w~E,w#O,O<w<vsuchthatforevery x E ZJ w) E E’, x 2 0, x # 0 there exists y~E’,y#O,O<y<xsuchthatliminf,(I”w,y)=O. 
In [6] we have proved that Z7( T) and !2( T) are bands in E. Accordingly, 
we refer to Z7(T) and B(T) as the Z&band and the Q-band of T in E, 
respectively. 
DEFINITION. An element u E E, u > 0 is called a regular T-subinvariant 
element if Tu < u and Tu # 0. 
3. A CHARACTERIZATION OF THE KB-SPACES 
THEOREM 1. Let E be a KB-space, and let T: E + E be a positive power 
bounded operator. Zf Z,(T) n 17(T) #O, then there exists a regular 
T-subinvariant element. 
ProoJ: Let u E Z,(T) n ZZ( T) be such that u 2 0, and u # 0. 
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Taking into consideration that u is in the l&band of T, and using 
Theorem 3 of [6], it follows that there exists u E E, u Z 0 such that TV < u, 
and B, E B, (B, and B, being the (projection) bands generated by u and 
u in E, respectively). 
By Theorem 3 of [S], I,(T) is a projection band. Let u1 and u2 be the 
projection o.f u and TV on Z,(T), respectively. Taking into consideration 
that ZJ A u # 0, it follows that u1 # 0. By Theorem 6 of [S], u1 = v2. Accord- 
ingly, TV # 0. 
We have therefore proved that u is a regular T-subinvariant element. 
Q.E.D. 
THEOREM 2. Let E be an order continuous Banach lattice and assume 
that every positive power bounded operator T: E + E with the property that 
ZZ( T) n Z,(T) # 0 has T-s&invariant regular elements. Then E is a KB-space. 
Proof. Assume that E is not a KB-space. 
By Proposition 5.15, p. 95 of [3], there exists a Banach sublattice E,, of 
E which is vector lattice isomorphic to cO. 
Let (unLE N be a disjoint normalized sequence of positive elements of E0 
such that the closed vector sublattice generated by (u,),, N is E,,. 
Define as in Proposition 2.2 of [4] a sequence ( Y,,,)~~ N, y, E E', y, 3 0, 
I( y,II = 1 for every m E N such that 
(UmYm)” ; 
i 
if m#n 
if m=n 
for every m, n E N. 
By Theorem 5.14, p. 94 of [3], no Banach sublattice of E is vector lattice 
isomorphic to I” (since E has order continuous norm). Accordingly, the 
operator 7’1 E-*E, Tu= (u, y,)u,+ (u, ~,)u~+C~~ (u, yj)u,+, for 
every u E E, is well-defined (see Proposition 2.2 of [4]). 
Clearly, T is a positive operator. Using once again the proof of Proposi- 
tion 2.2 of [4], it follows that T is power bounded. 
Let 
if n=k 
e,Eco, en=(t~k’)kEN’ if n#k 
for every n E N. Let 4: E. + co be the vector lattice isomorphism defined by 
#(u,) = e, for every n E N, and let S: co + co be the positive contraction 
defined by S((ll, t2, t3, ...))=(51, tl, t2, L -1 for every (SJneN~cO. 
Assume that T has subinvariant regular elements, and let u E E, v >, 0 be 
such a subinvariant regular element. Then TV # 0, TV E Eo, and TV is a non- 
zero T-subinvariant element. Accordingly, S has nonzero subinvariant 
elements (since the restriction of T to E. is equal to &‘S4). However, 
it is easy to see that S does not have nonzero subinvariant elements. 
Therefore, T does not have subinvariant regular elements. 
We now prove that Z7( T) n Z,(T) # 0. 
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The carrier of J*, is a projection band. Let ug be the projection of u1 on 
the carrier of )I,. Then u,#O (since (u,, y,)= 1~0). We prove that 
ug E z7( T) n Z,(T). 
Let v E E, D # 0, 0 6 L: d uO. Let ZE E’ be the projection of y, on the 
projection band r(u). Then z # 0 since L’ is in the carrier of J, , therefore, 
(u,?/,)#O. Let GEE’, .v#O, O<.V<Z. Then (rlv,r)3(~~,?‘~)(u,,~) 
for every no N. Taking into consideration that (u,, y) #O (since .VE f(u) 
and 0 < u < zdO d U, ), it follows that lim inf,,( T’t:, .r) > 0. 
We have therefore proved that u0 E n(T). 
In order to prove that 1~” E Z,.(T), let t: E E, 0 < P 6 u”, and let ,’ E E’, 
y 3 0. We must study two cases: 
(a) (u,,, ~3) =0 for every IZE N; 
(b) (u,,, J)>O for some n,,~fV(. 
(a) If (zl,,,~‘)=O for every HEN, then (u,J’)=O since O<o< 
u0 d u,. Taking into consideration that y is an order continuous linear 
functional on E, it also follows that (T”v, 19) =0 for every no N. 
Accordingly, C,F= 0 ( FL), y ) = 0. 
(b) In this case, Cz2,ZT (T”v, .v) 3m(u, Y,)(u,~, y) for every 
n? E N. If D = 0. then Cz=,, (TV, j’) = 0. If I’# 0, then (~1, y, ) > 0 (since 
0 6 v 6 u,,, and u0 is in the carrier of ~3~ ); therefore, C,T=, (T’u, J) = + cc. 
Q.E.D. 
The results obtained in this note can be summarized as follows: 
THEOREM 3. Let E be an order continuous Banach lattice. The following 
assertions are equivalent: 
(a) E is a KB-space. 
(b) Every positive power bounded operator T: E + E has subinvariant 
regular elements nshenever I,(T) n I7( T) # 0. 
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